Recurrence time is successfully evaluated for some intially localized quantum states in the onedimensional (1D) Bose gas with repulsive short range interactions. We suggest that the recurrence time is given typically by several minutes or seconds in experiments of cold atoms trapped in one dimension. It is much shorter than the estimated recurrence time of a generic quantum many-body system, which is usually as long as the age of the universe. We show numerically how the recurrence time depends on the interaction strength. In the free-bosonic and the free-fermionic regimes we evalute the recurrence time rigorously and show that it is proportional to the square of the number of particles. For instance, the result is exact in the impenetrable 1D Bose gas.
INTRODUCTION
Recurrence is one of the cenrtal concepts not only in classical mechanics but also in quantum statistical mechanics [1] . Due to recent experiments of cold atomic systems confined in one dimension [2] [3] [4] [5] [6] , it has become quite attractive to study recurrence phenomena in isolated quantum systems theoretically. The cold atomic experiments have created a huge motivation for studying fundamental aspects of quantum statistical mechanics: Equilibration and relaxation of isolated quantum manybody systems [7] and ergodic theorems [8] in quantum statistical mechanics from the viewpoint of typicality [9] [10] [11] [12] . Furthermore, the dynamics of isolated quantum many-body systems in one dimension is extensively studied by both experiments and theories [4] [5] [6] [13] [14] [15] [16] [17] .
Oscillating dynamical behavior was observed in experiments of cold atomic gases in one dimension [4] . It is considered that the system in the experiment is close to the integrable system of the one-dimensional (1D) interacting bosons with delta-function potentials, which we call the 1D Bose gas. The finding triggered further theoretical studies on the dynamics of isolated quantum many-body systems. It seems, however, that studies on quantum recurrent phenomena are rather rare. Here we remark that the approach to equilibrium in quantum many-body systems has been studied in a spin model with longrange interaction [18] [19] [20] . Through quantum analogues of Poincare's recurrence theorem, it is argued that quantum statisitcal systems are almost periodic [1, [21] [22] [23] . It is also demonstrated that quantum systems with timeperiodic Hamiltonians are almost periodic [24] . However, the recurrence time of a generic quantum system is usually very long. It takes an extremely long period of time, which may be as long as the age of the universe, for an isolated quantum sytem with incommensurable energy levels to have a recurrent phenomenon [25] . Thus, although the time evolution of any given isolated quantum system is recurrent, it is very rare to observe a recurrent phenomenon in it practically, unless we choose the system or the initial state quite properly.
In this Letter, we present concrete examples of recurrence for some quantum states in the 1D Bose gas, and we evaluate the recurrence time for them. Let us call the squared amplitude between an initial state and the time-evolved state the fidelity. We observe that periodic patterns appear in the fidelity as a function of time for several different values of the interaction strength. We thus evaluate the recurrence time by the shortest period of time among the observed peridic patterns. Here, the system size is small and the number of particles N is given by N = 8, 20, and 30, typically. As an initial state we employ the quantum state given by the superposition of all the type-II excitations [26] . We remark that the quantum state has the same density profile as a dark soliton [27] . Furthermore, in the cases of infinite and zero interaction strength, i.e., in the free-fermionic and freebosonic regimes, respectively, we can rigorously calculate the recurrence time for various quantum states. For instance, we derive the recurrence time for the quantum state associated with a dark soliton which is constructed from the type-II excitations. Moreover, we suggest that the recurrence phenomena in the Letter can be observed in experiments of cold atomic systems. We show that the recurrence time in the 1D Bose gas is given typically by the order of minutes or seconds in cold atomic gases trapped in one dimension [4] . It is much shorter than the age of the universe.
It is nontrivial to evaluate recurrence time in an interacting quantum system. We recall that a recurrent phenomenon occurs very rarely in a measurable period of time, although the time evolution of an isolated quantum system is recurrent for any number N of particles. Fortunately at some values of interaction strength, periodic structures appear in the time evolution of the fidelity in the 1D Bose gas, and we can determine the recurrence time by the shortest period of time of the observed peridic patterns. We remark that quantum collapse and revival in a one-atom maser were experimentally demonstrated, which had been studied in the Jaynes-Cummings model [28] . However, it has not been observed that recurrence of a quantum state occurs in a quantum many-body system.
For the free-fermionic and free-bosonic regimes We derive the recurrence time rigorously in the 1D Bose gas and show that it is proportional to the square of the number of particles, N 2 . For some quantum systems it is shown that relaxation times diverge exponentially with respect to N [18] [19] [20] . Since recurrence times are much longer than relaxation times, we expect that the recurrence time also increases exponentially with respect to N for a generic quantum many-body system.
The time evolution of "a quantum dark-soliton state" of the 1D Bose gas was recently obtained numerically and exactly by the Bethe ansatz method [17, 27] . We construct the localized many-body state with a density notch by superposing the Bethe ansatz eigenstates of Lieb's type-II excitations [26] for the 1D Bose gas. We suggest that the quantum state corresponds to the quantum state of a dark soliton realized in the experiments of cold atomic systems trapped in one dimension.
HAMILTONIAN
Let us consider the Hamiltonian of the 1D Bose gas, called Lieb-Liniger model [26] , as follows.
Here the periodic boundary conditions of the system size L are assumed on the wavefunctions. Hereafter, we consider the repulsive interaction: c > 0. We define interaction parameter γ by γ := c/n, where n = N/L is the particle density. The bulk and static properties of the LL model are characterized by parameter γ. We employ the system of units with 2m = = 1, where m is the particle mass. The unit of time in our numerical calculation is proportional to L −2 . In the LL model, the Bethe ansatz offers an exact eigenstate with an exact energy eigenvalue for a given set of quasi-momenta k 1 , k 2 , . . . , k N satisfying the Bethe equations for j = 1, 2, . . . , N .
Here I j 's are integers for odd N and half-odd integers for even N . We call them the Bethe quantum numbers. The total momentum P and energy eigenvalue E are written in terms of the quasi-momenta as P =
. Superposing Lieb's type II excitations [26] , i.e. onehole excitations, we construct a quantum state with an initially localized density profile, which coincides with the amplitude profile of a dark-soliton solultion of the GrossPitaevskii equation [27] . We remark that translational symmetry is broken in the quantum state. In the type II branch, for each integer p in the set {0, 1, . . . , N − 1}, we consider momentum P = 2πp/L and denote by |P, N the normalized Bethe eigenstate of N particles with total momentum P . The Bethe quantum numbers of |P, N are given by I j = −(N + 1)/2 + j for integers j with 1 ≤ j ≤ N − p and I j = −(N + 1)/2 + j + 1 for j with N − p + 1 ≤ j ≤ N . For each integer q satisfying 0 ≤ q ≤ N − 1 we define the coordinate state |X of X = qL/N by the discrete Fourier transformation:
TIME EVOLUTION OF FIDELITY
Definition of fidelity
Let us define symbol |X(t) by |X(t) := exp(−iHt)|X .
Taking advantage of quantum integrability, we numerically obtain all the energy eigenvalues E p of |P s' in the type II branch and follow the time evolution for quite a long time. We define the fidelity by the overlap between the initial state |X(0) and the time-evolved state |X(t) at time t as
Here, E p is the energy of the one-hole excited state with momentum P = 2πp/L.
Peiodicity of the fidelity
We now show periodic patterns in the graph of fidelity as a function of time. In Fig. 1 periodic patterns in the time evolution of the fidelity are shown in the weak coupling case (γ = 1.0 × 10 −9 , upper panel) and in the strong coupling case (γ = 100, lower panel).
Let us consider the case of intermediate values of interaction parameter γ, which is not very small or very large. If interaction parameter γ is very large (very small), the recurrence time coincides with that of the infinite coupling case (the zero coupling case). When interaction parameter γ increases from zero to a finite nonzero value which is not very small, the recurrence time enhances abruptly at some value of γ. In Table I it increases abruptly when γ increases from γ = 0.001 to 0.01 for N = 5, 8, 20. We observe numerically that the recurrence time tends to decrease as interaction parameter γ increases when γ is small such as γ < 0.1 in Table I . Then, for some values of γ such as γ = 10, we do not determine recurrence time because any periodic structure does not appear.
At some intermedeate values of γ such as γ = 0.05, 0.1, 1, and 10 for N = 15, there is no periodic structure in the fidelity as a function of time as shown in Fig.3 . For the values of γ, the fidelity does not return to or become close to 1.0, so that we do not determine the recurrence time. For γ > 10, the recurrence time increases as interaction parameter γ increases when γ is large such as γ = 100. In Figs. 2 and 3 it is illustrated how the fidelity depends on interaction parameter γ for N = 8 and N = 15. We confirm in Figs. 2 and 3 that the time evolution of the fidelity becomes more complex as the number of particles increases from N = 8 to N = 15.
In the intermediate regimes of interaction parameter γ, where γ is large but not very large, the fidelity does not return to 1.0. However, we numerically evaluate the recurrence time by taking advantage of the fact that the fidelity has periodic patterns as a function of time at some values of interaction parameter γ. For example, in the lower panel of Fig. 1 , for the first recurrence at t = 1559.59, the value of the fidelity is given by 0.995, where interaction parameter is given by γ = 100 and the number of particles N = 20.
At some large value of interaction parameter γ the recurrence time suddenly decreases to the value of the infinite interaction parameter case (i.e., γ = ∞). In Table  II it increases when interaction parameter increases from γ = 300 to 1000 for N = 5, 8, 20.
Weak or strong coupling cases
The strong coupling (γ → ∞) and the weak coupling (γ → 0) cases correspond to the free-fermionic and the free-bosonic regimes, respectively. We first numerically calculated the recurrence time, and then arrived at rigorous derivation. We calculated the recurrence time for small numbers of particles such as N = 5 ∼ 30 for the free-bosonic regime, and N = 5 ∼ 150 for the freefermionic regime.
The recurrence time has even-odd dependence with respect to the number of particles N . We can prove that recurrence time in the free-fermionic regime with odd N is equal to that in the free-bosonic regime, while recurrence time in the free-fermionic regime with even N is half of that with odd N . We confirm the even-odd dependence of the recurrence times in Fig. 4 . We plot the fidelity as a function of time in Fig. 4 with particle density N/L = 1 in the strong coupling case of γ = 10 10 and in the weak coupling case of γ = 1.0 × 10 −9 . We observe that the recurrence time in the free-fermionic regime with even N is half of the recurrence time in the free-bosonic regime.
Rigorous derivation of recurrence time
We evaluate rigorously the recurrence time in the freefermionic and the free-bosonic regimes, where γ = ∞ and γ = 0, respectively. Let us express the difference between a one-hole excitation energy E p and the ground state energy E g in terms of e p as follows.
We remark that e p is given by an integer. We have e p = {(N + 1)/2} 2 − {(N + 1)/2 − p} 2 in the free-fermionic regime, and e p = p in the free-bosonic regime. Here we remark that in the free-fermionic regime we have a particle at I N = (N + 1)/2 and a hole at I N −p = (N + 1)/2 − p; in the free bosonic regime we have a particle at I = p and N − 1 particles at I = 0. Putting Eq.(5) into Eq.(4) we express the fidelity at recurrence time T as follows.
From the condition: F (T ) = 1 we obtain the recurrence time
Here, G is the greatest common divisor among the integers in the set {e 1 , e 2 , ..., e N −1 }. The expression (7) of recurrence time is exact. When N/L = 1 we have T = N 2 /(2πG). For various other quantum states, the recurrence time is given by the same formula (7). For instance, it is also valid for the state given by the sum over all two-hole excitations from the ground state.
When the fidelity returns to 1 at time t = T , the state returns to the initial one except for a relative phase factor, and all the physical quantities take the same values as in the initial state. 
ESTIMATES OF RECURRENCE TIME IN EXPERIMENTS
We now suggest that the recurrence phenomena in the 1D Bose gas can be observed in experiments of cold atomic systems. Let us estimate the time scale of recurrence time in the dynamics of the 1D Bose gas, when we observe it in experiments of cold atomic systems. We employ the system of units with 2m = = 1. Here we set n = N/L = 1 in the LL model. Let us assume that the trapped length of BEC in one dimension is given by 10 We suggest that the quantum state, |X(t) , which is given by the sum over all one-hole excitations from the ground state, can be realized in experiments of cold atomic systems. There are several expermental methods such as the phase imprinting method to construct a dark soliton in cold atomic systems [5] . We expect that by the method we can realize the state |X(t) in cold atomic gases trapped in one dimension.
CONCLUSIONS
In conclusion, we have observed that periodic patterns appear in the fidelity as a function of time in the quantum many-body system of the 1D Bose gas for the state |X(t) which is given by the sum over all one-hole excitations. We suggest that it is associated with dark solitons. We have evaluated the recurrence time through the periodic structures in the time evolution of the fidelity for small numbers of particles such as N = 5, 8, 20. The recurrence time thus depends on the number of particles N and interaction parameter γ. It is not a bulk and static quantity. Furthermore, in the free-bosonic and the freefermionic regimes we can calculate the recurrence time rigorously for some states, and have shown that the recurrence time of the state |X(t) is proportional to the square of the number of particles, N 2 . Moreover, we suggest that the recurrence time of the quantum state can be observed in experiments. We suggest that the recurrence time of the 1D Bose gas is given by the order of minutes or seconds in cold atomic experiments confined in one dimension. Finally, we suggest that the recurrent phenomena in the Letter show the diversity in the dynamics of isolated quantum systems.
